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A LIMIT THEOREM FOR ORTHOGONAL FUNCTIONS* 
By 
M a r c e l F. N e u t s and P o l V. L a m b e r t 
in Louvain, Belgium 
I. Introduction. 
We consider a completely additive class M of subsets of a fixed set 
A of points in an «­dimensional Euclidean space R„. 
Let ¡μ*' , k=l, 2 , . . . , be a sequence of measures, each μ* being 
defined on M. 
Each mesure ¡t* permits us to construct an L2k space of functions 
defined and square­integrable with respect to μ* on A. Every such Lk 
space is separable and hence has a countable complete orthonormal system. 
Suppose we now have a sequence of functions ƒ<, ι· = 0, 1, 2,. . . , satisfying 
the two following conditions : 
a) any fi belongs to every L^ 
b) any finite set of these functions is linearly independent in all but 
a finite number of norms of L*. 
Hence, for Ρ fixed, using the Schmidt orthogonalization on the ordered 
functions / o , / i fp, we can construct the uniquely determined ortho-
normal elements φ*,ο,<Ρ*,ι Vk,ρ for each space L\, except perhaps 
for a finite number of them. 
For a given function F belonging to every L\ (except perhaps a 
finite number of them), we consider the Fourier coefficients : 
(1.1.1) <,,· = f F · φ * , ί · Vk{dx), * = 0, 1, ... p 
Λ 
and the projection 
(1-1-2) ^­¿­ f .« · ·» . ' 
i = 0 
of this function F on the (/>+l)­dimensional subspace Ει,,ρ of one space 
* This research was sponsored by the European Community for Atomic Energy 
under contract 011/61/1 DOB. 
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L\. This can be done for k = Κ , Κ + 1 , Κ + 2 , ... etc, Κ being a 
sufficiently large positive integer. 
Some, convergence relations of the sequence {<PA,<} (*' fixed, 
* = 1, 2, ...) have been established by Szegö [2] pp. 33—37, in particular 
cases, using the explicit form of the element φ*,,­. 
The object of this paper is to establish g e n e r a l convergence 
relations of the sequences {φ*,,} , {"J",,·} . {ρζ,ρ} (*',ƒ>,F fixed) essentially 
using convergence requirements on the sequence of measutes {μ*}. 
II. Basic theorems. 
We state the following known results for further reference. Munroe 
f l ] p. 107 and p. 173. 
Theorem 2.1. If {μ*} is a s e q u e n c e o f e v e r y w h ere f i n i t e 
m e a s u r e s on a c o m p l e t e l y a d d i t i v e c l a s s M and i f for 
each EeM 
(2.1.1) 0 £ μο(Ε) = lim μ*(2Γ) < œ , 
Jfc+oo 
t h e n μο i s a m e a s u r e d e f i n e d on M. 
Theorem 2.2. If l°) {μ*} is a s e q u e n c e of f i n i t e m e a s u r e s 
on a c o m p l e t e l y a d d i t i v e c l a s s M and if for each E e M 
0 ^ μο (E) = lim μ* ( £ ) < « = , 
k->a> 
2°) / i s a f u n c t i o n d e f i n e d , (M) m e a s u r a b l e and 
b o u n d e d on E for w h i c h I / · ¿μ* e x i s t s for each k, 
E 
t h e n / / · </μο e x i s t s and %' 
E 
(2.2.2) lim Γ / · </μ* = ff- ¿μο . k±<aJ J 
E E 
If the function / is not bounded, we can easily derive the following 
corollary of Theorem 2.2 : 
Theorem 2.3. I f Io) {μ*} is a s e q u e n c e of f i n i t e m e a s u r e ­
f u n c t i o n s on a c o m p l e t e l y a d d i t i v e c l a s s M and if for 
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e a c h EeM 
0 £ μο(£) = lim μ*(E) < oo 
*->eo 
2°) ƒ i s a f u n c t i o n d e f i n e d and (M)-me a s u r a b l e on £ 
s a t i s f y i n g t h e f o l l o w i n g c o n d i t i o n s : 
a) T h e i n t e g r a l s Í ƒ · </μο a η d 
£ 
J f ' dyn, for e a c h k e x i s t . 
Β 
b) For e v e r y ε > 0 , we can f ind a n o n d e c r e a s i n g 
s e q u e n c e {£/} o f s u b s e t s o f E in t h e c l a s s M for 
w h i c h / i s b o u n d e d on e a c h £,· and 
(2.3.1) μ 0 ( £ - £ / ) < ε , for j > J (ε , Ε , ƒ) 
(2.3.2) 
lim f / ' ¿μ/t = 0 , u n i f o r m l y in k, 
E-Ej 
E-Ej 
t h e n we h a v e 
lim ƒ ƒ · </μο = 0 
1 /->» ·/ 
(2.3.3) Hm Γ ƒ · </μ* = f f -d\h-
*->oo ι ' «/ -  
Remarks. 
1) By Theorem 2.1, μο is a finite measure on M, hence the as­
sumption that i ƒ - ¿μο exists is a restriction on / and not on 
£ 
the sequence {μ*}. 
2) One can easily verify that a bounded and (M)­measurable function 
on £ for which the integral ƒ ƒ · ¿μ* exists for each k satisfies 
£ 
all the requirements of this theorem, so that 2.3 is an extension 
of Theorem 2.2. 
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3) Finally we note that the Theorems 2.2 and 2.3 are in no way 
restricted to L'-spaces of functions. 
III. Convergence theorems. 
We now consider the ¿¿-space, corresponding to the limit measure 
defined by Theorem 2.1. Suppose we have a sequence {ƒ,·}, » '=0, 1, 2, ... 
of (M)-measurable functions, bounded on A, or at least such that the 
squares / ? satisfy the conditions of Theorem 2.3, the sequence of sets £,· 
used in that theorem being the same for every finite number of functions 
f\ of the sequence. 
For two arbitrarily chosen functions ƒ,-, , /¿2 in {/<}, we have the 
convergence relation 
(3.1.1) lim Γ /f, · fh ■ ¿μ* = Γ ƒ<, · / ,2 · ¿μο . 
*><χ> ·­·' J 
Λ Α 
To prove this if / i , and / , 2 are both bounded, we apply Theorem 2.2, 
and if not, by our assumptions, we can find a non decreasing sequence of 
sets {Ej} which satisfies the condition (2.3.1) and (2.3.2) with respect to 
the set A and the function /? and ƒ? . 
'1 »2 
By Schwarz' inequality, we have for k = 0, 1, 2, 3, ... 
(3.1.2) I ƒ ƒ , , · /.2<*μ* 
A-E, 
Vi 
1 A-B j ' A-Ej 
This, by Theorem 2.3. implies the relation (3·1.ΐ). 
From (3.1.1) follows for finite p 
* Ρ Ρ 
(3.1.3) Hm J ( £ λ< - ƒ<) . ¿μ* = f ( £ λ,­ ­ / f y ­ ¿tto. 
We· now require that every finite set of functions /¿ are linearly independent 
with respect to the norm of L\. 
From (3.1.3) follows that they are also linearly independent in the 
norms L\ for all but a finite number of indices k. 
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We now call (3.1.1) the relation of convergence of moments. This 
being established, suppose we fix i and, using the Schmidt orthogohalization 
on the first ( t ' + l ) functions ƒ o , / , ƒ » of {/ƒ} (in that order), so 
construct the uniquely determined orthonormal elements <p*.o,m*,j,... ,m*,¡ 
subtending a subspace Ek,i of dimensions * + 1 in the space L2k. 
We can do this för k = 0 and all but a finite number of indices k. 
We then have the following convergence theorems. 
Theorem 3.1. lim q>*,¡ {χ) = <Po,¿(*), f o r e v e r y x in A w h e r e 
t h e f u n c t i o n s fo , ft, ■■■, fi a r e f i n i t e , a n d t h e c o n v e r g e n c e 
is u n i f o r m in e a c h s u b s e t of A in w h i c h t h e s e f u n c t i o n s 
a r e b o u n d e d . 
Proof : For k — 0 and k ^ Κ, K large enough, the functions 
/o , ƒ ι , ..., / · are linearly independent in the norm of L\. 
For such a k, the expression of φ*,, is given by 
(3.1.4) φ*, < « - Σ*ρ., ·/'(*>■ 
y=o 
For the coefficients λ®^ we have Szegö [2] pp. 23 — 28 
(3.1.5) <P*.<(«) = (£*.¿­i · Dk,i)­H ■ Dk.i(x) 
where 
(3.1.6) a) Dk„{x) = ­ i 
/ o (*o) / i (*o) 
/ o ( * i ) / i ( * t ) ... 
/ο(*<­ι) / l ( * i ­ l ) .·· 
for t ' ^ 1 . 
b) J )w(*) ­ /»W. 
-ƒ-ƒ 
/ 
Λ-ι(*ο) 
ƒ<-.<*.) 
fi-i(Xi-i) 
fo {x0) ƒ ι {Xo) .. 
fo(xi) fi(X\) 
/o(*,-t) fi(Xi-i) .· 
ƒ„(*) ƒ,(*) ·· 
• "*(¿Xo) · ^ ( ¿ * l ) : · 
• /,(*d) 
■ ƒ , (* . ) 
fi(Xi-i) 
/.(*) 
. μ* (¿*,_i¡ 
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(3.1.7) rtft.,-^/.../ 
l+l 
/o(xo) /i(*o) ... fi(xo) j' 
/o(*.) ƒ.(*.) - / i ( x . ) j 
A W Λ (χ.) ... Λ(*θ' 
μ* (¿Xo) · μ* (¿Χι) ... ¿Α (¿*·) 
for * è 0 . 
b) D* , ­ , = + 1 . 
It is known that Dk.j > 0 for every ¿ and j . 
The coefficient Af f of fj(x) in the expression (3.1.6) for #*,,(*) 
is given by 
(3.1.8) ¡/o(*o) ... fj-i{xo) fj+i(Xo) ... f,(xo) | 
' ƒ<>(*.) ... / M ( * I ) Λ + Ι ( * Ι ) ». Λ(*ι) i 
Af ^ ^Tf-f 
A A 
} * \fo(Xi-l) ... ƒ/-!(*,-.) fi+l (Xi-l) ... /i(X,-l)j 
/o(*o) /-(Xo) ... /i-i(*o) 
A(*i) fii*i) ... Λ-ι(*ι) 
/o(x,--i) Λ ( * ί - ι ) ... / . - i ( x . - i ) 
M*(¿Xo) · μ* (¿Χι) ... μ* (¿Xi­1) 
The coefficient λ£>^  of /y(x) in the expression (3.1.4) for φ*,»(χ) is then 
given by 
(3.1.9) 4P ι λ<0 *Ä 
The integrand in (3.1.8) is the product of two determinants with Í lines 
and t columns. 
So letting the index v run through the values 0, 1 j — \ , ƒ + ! , ... 
» and the index w through the values 0, 1, ...,(» — l ) , putting m = » - ι 
and designating the different values of v by v0, v,, ..., vm and the different 
values of w by w0, ..., wm we can put Αψf into the form 
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(-0<+' ("•ΙΟ) ^ ­ ' ^ T F Σ Σ 
penn, on ν petto, o n « 
JO ,i,...,m\ . . . / O , 1 m \ p f/ ( *) . / ( ^) . Μ Λ ο ) . 
W . f i V \«>o,»i w*/ ^ 
J /»ι (χ·) · / · , («O · μ* (¿χι) · · · .ƒ / ·« (*») · /*Λ (*«·) · μ* tø*») · 
A A 
Applying the relation (3.1.1) to (3.1.10) we obtain : 
lim Af. ­ Λψ.. 
Jfc­χο **■' ° '> 
The same reasoning applies to expressions £*,,­t and Dk¡i in the denomi­
nator of (3.1.9) so that we have 
lim Dk,i-\ · Dk,¡ = Do,i · Z>o,i­i. 
Since ί>*,ί_ι · Dkii > 0 for each k = Κ , Χ + ι , tf + 2 , ... and 
Do,, · Do,i-\ > 0 , the coefficients in (3.1.4), converge, i.e. 
(3.1.U) limA« = λ » . 
A->oo 
Taking now into account the expression (3.1.4) for rpjt,<(x) we get the 
proof of the theorem. 
We now study the convergence in the JJ norms. 
We write || · |j* for the norm in L\ and || · |(o for the norm in L\. 
Theorem 3.2. For e v e r y f i x e d » 
(3.2.1) lim i| φ*.i υ* = IITO.ÍIO 
and for each « = 1 , 2 , . , . or m = 0 and each i (»» and » fixed) 
(3­2.2) lim || φ*,,·||« = || «o.i¡!«. 
*->00 
Proof : We take k ^ K (»'), K being large enough for the functions 
/0 , ƒ 1, ·,., fi, to be linearly independent in all L2k. We have 
N*.'Hi- ΠΣλίΡ.7·//(χ)1,·μ·(Λ) 
A J=° 
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= Σ Σλ^·'λ*>' ' ƒ / Λ χ ) ' Μ χ ) * ^^ 
r=0 «=ο 
which implies (3-2.2) by application of (3.1.11). 
We now let m vary, take m = k, and (3.2.1) follows from (3.1.1). 
We now take an (M)-measurable function F in A which is either 
bounded in A or at least is such that the square F2 satisfies the requirements 
of Theorem 2.3 in such a way that the same sequence of sets {£/} can be 
used for the functions F2 and an arbitrary f in i t e set of functions from 
the sequence {ƒ*} . 
First of all, it follows (cfr. Theorem 2.2 or Theorem 2.3), by using 
Schwarz's inequality, that the Fourier coefficients αζ . are well defined for 
all but a finite number of indices k. 
We now have the following convergence theorem. 
Theorem 3.3. For each i fixed, we have 
lim αζ =αζ 
Proof : For k^K we have : 
0 ) K , - e ? . J = / F(x).cpo.iix)-vo(dx) 
A 
- fF(x) · φ*.ί(χ) · μ*(<**)| ^ ƒ F(x) · rp0,;(x) · μ0(^χ) 
- ƒ £(*)·φο,,(*)·μ*0*Χ)|+ ^£(χ)·φο.<(*)·μ*(*χ) 
Α *Α 
- j F (χ) · <ρ*,<(χ) · \ik{dx) 
A 
First of all, we see, using Schwarz's inequality, that the integral 
J F(x) ' Φο.. (x) · μ* (¿x) exists. 
A 
We examine separately the two terms on the right of the above 
inequality. For the first term we have, 
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j 
F(x)-<p0,i(x)= ]Γ*8! , ; * ' (* ) · /* (* ) · 
If F · / / is bounded, Theorem 2.2 yields : 
(2) Hm f F (χ)- f) (x) . μ* {dx) ­ Γ £ (τ) · / , (*) · μο (¿*). 
Λ Α 
If F · fj(x) is not bounded, by our assumptions for £ we can use a 
sequence of sets {£;} as in the proof of relation (3.1.1) and using the 
same argument we see that the product £ · ƒ y satisfies alL conditions of 
Theorem 2.3. This shows that the first term vanishes in the limit. 
For the second term we have, 
/ £ (x) · («Po ,¿ (x) - Φ*.i (*)) · μ*(¿x) ! 
Α 1 
. £ Ι ƒ iF wy · κ(¿*> Γ · J tø*>< w - **.« wi* · M* <**> 'Λ 
By our assumptions for £, 
lim f [F (χ)]2 · μ* (dx) ­ Γ [£ (x)]2 · μ, (áx) < oo . 
Λ Λ 
The second factor vanishes in the limit by (3.2.1), (3.1.1) and (3­1.11). 
This implies the theorem. 
For an arbitrary fixed p, we now study the convergence fon k) of 
the projections Ρζρ defined in (1.1.2) of the function £ on the (p + l)­
dimensional subspaces £*,¿ of the spaces L\ in the sequence of spaces {/­£}· 
As in the case of the elements <pk,i we examine the point­wise convergence, 
the uniform convergence and the convergence in the norms L\. We always 
take k^.K, Κ being large enough in order that the functions / o , / i , . . . , f ρ 
be linearly independent in the norms of L\ for k ¡> K. So the orthonormal 
functions φ*,ο,ψ* t φ*,ρ are always defined. We have the following 
convergence theorems. 
Theorem 3.4. For f i x e d p, we h a v e 
K m P * , ( * ) = P * , ( x ) . 
in each p o i n t x of A w h e r e the f u n c t i o n s fo,fi,...,fp are 
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f i n i t e a n d t h e c o n v e r g e n c e i s u n i f o r m on e a c h s u b s e t 
of A w h e r e t h e s e f u n c t i o n s a r e b o u n d e d . 
Proof: We have by (1.1.2) for k^K and for * = 0 
p£,,(x) = Σ«;,ί·Φ*.ί(*). 
so we just have to apply the Theorems 3.1 and 3.3 in order to prove this 
theorem. 
Theorem 3.5. F o r f i x e d p, we h a v e 
(3.5.1) lim || Pf pü* ­ | | Pf.,!!o. 
a η d fo r m = 0 o r m = 1, 2, 3, ... (*» , Ρ fixed), we h a v e 
(3.5.2) lim II Ρζ p\\m=\\Ρζ,ρ\\­
Α­>οο 
Proof : For k ^ Κ and for k = 0 we have, 
Ρ Ρ 
*=ο ; = ο ¿ 
= Σ έ·ΐ.ι · </ * Σ ΣΧ ·λ*- ' ΙΜχ) ■Λ w · μ ­ ( Λ ) · 
«=ο y=o r=0 1=U ^ 
Now the application of formula (3.1.11) and Theorem 3.3 to ( l ) proves 
(3.5.2), while if, in addition, we let m vary, take m = k and apply (3.1.1) 
to ( l) we get (3.5.1). 
IV. Examples. 
Let now the linearly independent functions /o (x) , / i ( x ) , fr(x),— 
be specified by the polynomials 1, x , x2 We then get four examples 
of Section III applied to orthogonal polynomials. 
1. As a first example we have the known asymptotic relation between 
Fischer's polynomials and Legendre's polynomials (Szegö [2] pp. 33 — 34). 
Fischer's poylnomials of order k are associated with the step distribution 
function ak(x) with jumps of one unit at the points χ = 0, 1, 2, ..., k — 1. 
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Hence, except for a constant factor, they can be represented by the poly­
nomials <*>(*) and f^(x) of degree n and m respectively defined by 
+ 00 
(4.1.1) j <» (x) ' <» (x) · ¿«* (x) = 5 (2lw + ¿ '- Κ, » 
-oo 
M , m = 0, 1, 2, ..., *— 1 . 
In the same way Legendre's polynomials P„ (x) and P* (x) of degree » and m 
respectively are associated with the Lebesgue measure in [—1 , + l ) and 
hence can be defined, except for a constant factor, by : 
+ i 
(4.1.2) ƒ P.(x) · P„(x) · ¿x = -{2n2+l) · »«.-
- 1 
» , m = 0, 1, 2 
After suitable normalization one can verify the conditions of Theorems 2.1 
and 2.2 which implies Szegö's result i.e. 
(4.1.3) lira *­■ · /<*> (* · x) = P„ (lx - 1) . 
*->00 
2· A second example is given by the known asymptotic relation of 
normalized Krawtchouk polynomials to the Poisson­Charlier polynomials. 
(Szegö [2], pp. 34 — 37). Krawtchouk's polynomials p™(x) and f^(x) 
of order k and degree n and m respectively are defined by : 
+00 
(4.2.1) ƒ P™ (x) · p™ (x) · dak (x) = n,, M 
-00 
n , m = 0, I, 2, ,.., A, 
where α* (x) is a step distribution function with the jump at the point 
χ of 
(4.2.2) ; ( * ) = | * j .p*.(X-pf-*t * = * 0 , 1, 2 *. 
0<p<l 
Poisson-Chariier's polynomials s„(x) and s„(x) of degree η and m 
respectively are defined by 
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+00 
(4.2.3) f s»(x) · sm (x) · da(x) = δ, >fB 
—oo 
where a(x) is a step distribution function with the jump at the point χ of 
(4.2.3) * (x) = «­" ' «* · (x O"1 ! x = 0. 1, 2, .... 
α > 0 
After the normalization p · k = a, a fixed, letting Λ ■> oo (and hence /> ■> θ), 
one can verify the conditions of Theorems 2.1 and 2.3, which implies 
Szegö's result, i.e. for a fixed integer x ¡> 0 , 
(4.2.4) Hm pf(x) = s..(x). 
* ­ > C 0 
3. A third example is given by the known asymptotic relation of 
normalized Krawtchouk polynomials to Hermite's polynomials. 
Hermite's polynomials H¡ (x) of degree i are defined by : 
+00 
(4.3.1) —£=­ ­ f e­'2 ■ H„ (χ) . Hm (χ) ■ dx = 2" · (n !) · δ, ,M 
y π */ 
— 00 
η , m — ο, ι, 2 
A verification of the conditions of Theorems 2.1 and 2.3, after normalization, 
yields Szegö's result, i.e. letting ζ be real and letting x denote the greatest 
integer £p « k + ζ [2p · (l —p) · k]'h where p and ζ are fixed and letting 
k > o■­ , this gives us for a fixed n, 
(4.3.2) Urn #*> (x) = (2" · n ! ) r* · H„ (2) . 
ft->00 
4. As fourth and last example we quote the convergence relation of 
normalized Hahn polynomials to renormalized Jacobi polynomials. 
For brevity we refer to [3] pp. 1—6 for the definition of Hahn 
polynomials of degree n 
Qm (x ; α . ß , * ) , α , ß > ­ 1 ; η = 0, 1, 2 k — Ι ; 
and of renormalized Jacobi polynomials JH (* ; α , ß) of degree n, 
» = 0, 1, 2, ... ; α , ß > ­ 1 . 
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The verification of the conditions of Theorems 2.1 and 2.2 implies 
Erdelyi and Weber's result i.e. 
(4.4.1) Hm Çf»[(* ­ I) · x ; α , β , *] = /„[ ( ι ­ 2x) ; α , β ] . 
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